Solution for Stats 369, HW?2

Chen Cheng

Exercise 1.6.

(a)

For any matrix M by change of variables we get

1 det(nM))Y/? no ' Mo
fu(1) = §/Sn71 ( (;ﬂ_)n/)g ex <_

then we have for z > A (W),
m O'T - o8
U s exp (—22 ) vy (do)
Jsns exp (=22 ) vo(do)

exp (— ”;B) * Jon-1 exp (@) vo(do)

exp (—%)
— 82 . exp (Jl(zﬁ_l)) cdet (2 —W)Y2 . Z, (B W).

fB(ZI—W)(l)
fr(1)

= det (8(zI — W))

= ﬁ"/z -det (21 — W)1/2~

2
Rearranging terms concludes the proof of part (a).

(b)

By the explicit formula for Z,(8; W) in (1.7.13) we can write

facr—w)(1)

1 1 1 1 < 1
—log Zu(B; W) = —5logf+ 5 (36— 1) — - ;mg(z = M(W)) + D log =

for any z > A (W). Since A1 (W) — 2 the above equation holds eventually for any z > 2. Note that by
direct calculations

22 1 2/z4—4 z4+Vz22 -4
/log(zf/\)soo(d/\) =7 3" 1 + log (2

1 z—Vz2—4
/stm(dx)_f.

For any z > 2 we have [ —15s.(d)) is increasing in z and takes values in (0,1). The equation

22 —4

1 z—
ﬁ:/msw(d)‘) - 9

indeed has a unique solution z = § + % > 2 for any chosen 8 < 1. For this z, since A\ (W) — 2 we have
log(z — A;(W)) will eventually be bounded, and log(z — A) is a continuous function, we can deduce from



w
weak convergence s, — So, that

% Zlog(z - N(W)) = %/log(z = A)sn(dN) — %/log(z — A)Soo(dN) .

Now it only remains to show with probability 1 that

1 foczr—w)(1)
- log 7101(1)

In fact we have |log fa(.r—w)(1)] = o(n) and |log f;(1)] = o(n). For x ~ N(0,nB(zI —W)~'), we have

— 0.

1 < i

2 _ .i.d.

ol = A N,
Jj=1

where we use the shorthand A\; = \j(zf — W). Let X; =
variables with zero mean and

51\_ (v} — 1), then {X;} are independent, random

) 1 n 1 n .
x| == X;+— A
& ngj ) nﬁg

Denote by

3

2 n
=B = N

Jj=1

we can deduce from local central limit theorem that

n 1 L= 55 25N 1
foczr—w)(1) = o { o exp (— 202 /n? +0 (%) .

=17 7B

Using the fact that % >
f1(1) = exp(o(1)).

(c)

Since

(dX) = 1 yields fz.r—w)(1) = exp(o(n)). Similarly we have

1 1 1 1
li 71 Zn ) =—=1 o ’ 1 - [eS)
Jim —log (B; W) 5 log B+ 56z —5 2/0g(2 A)Soo (dA)
1 1 1 122 1 z2/242—14 z 4V
— ) ]
glosf+ 5623 2{4 2 T ( >}

we can substitute in z = 8 + % and obtain

1 1, 1(1 2 1/, 1 B
¢(ﬁ)——§log6+§ﬁ —2{4(5 52)+(5 —62)—10g6}—4.
For £k =2 and A = 0 we have

2

Urs(q, B) = % (1-¢*)+ 1

2(1—9q)

1

+ —log(l—gq).
2

Note that Urs(g, 3) is increasing in ¢ € [0,1] and thus

2
¢(B) = ﬂg[})fl] Urs(q, 8) = ¥rs(0,8) = %,

The two solutions coincide.
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Exercise 1.7.

We copy here the free energy density for 1RSB,

VirsB(b; 90, q1,m) =

BA e B

Taking A =0, b =0, and gp = 0, we have

(@)

Uirsp(q1,m; ) =

52
4

See the matlab program below.

cle

clear
close all

kset = [3,4,5];
1:length (kset)
k = kset (iterk);

for

iter

mset
m =

k:

1;

[0.01

:0.01:1.99] 7

fq0 = @Q(ql) ql."(k—2).%(1—ql).x(1—(1—m)x*ql);

ql =

[fstar , qid]
Tdml = sqrt (fstarxk/2)
Tdmlvalue(iterk) = Tdml;
[1.5%Tdml: —0.01:0.01];
Tsetvalue{iterk} = Tset;

Tset

0.0001:0.0001:0.9999;

= max(fq0(ql));

mstar = 1;

for iterT = 1:length (Tset)
T = Tset(iterT)
beta = 1/T;

(1= (1= m)af] + 5~ log(1 — (1 = m)ar) -

1—-m

2m

log(1 —q1).

Psi = @Q(ql,m) beta"2/4 % (1 — (1-m).xql."k)+1./(2+m).xlog(1—(1—m).xql)

for

~

—m)./(2.%m).xlog(l—ql);

iterm = 1l:length (mset)

m =

mset (iterm) ;

fq0 = @Q(ql) ql."(k—2).%(1—ql).x(1—(1-—m)=*ql);

ql =

0.001:0.001:0.999;

[fstar , qid] = max(fq0(ql));
Tdm = sqrt (fstarxk/2);
Tdmvalue{iterk} = Tdm;

if b

else

eta <= 1/Tdm
qlstarm = 0;

fq = @Q(ql) ql."(k—2).%x(1—ql).%(1—(1-m)*ql) — 2/(kxbeta”2);

ql = 0.001:0.001:0.999;
qid = max(find ((fq(ql) > 0)

1));
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gqlstarm = ql(q
end
Psistarm (iterm) =

end

%plot (mset , Psistarm—be
[Psimin, iterm] = min(
mstar = mset(iterm);
if mset(iterm) > 1
Psimin = beta"2/4;
Ts = T;
mstar =

1;
qlstarm =

0;

end

if min(Psistarm—beta "2
mstar = 1;

end

Psivalue (iterk ,iterT) =
mstar ;

mvalue (iterk ,iterT) =
qlvalue (iterk ,iterT) =
end
end
save(’result.mat’);

(b)
See Figure 1,2,3.

140

id);

Psi(qlstarm ,m) ;

ta"2/4);
Psistarm) ;

/4) > —le—6

Psimin;

qlstarm;
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Figure 1: ¢1rsa(T).

Figure 2: m(T)

10

Ts | 0.5885 | 0.5064 | 0.4602 | 0.4436

0.4162 | 0.4040 | 0.3949

0.3879
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Figure 3: ¢;(T).

Exercise 1.8.

(a)
Since we have

Uirsp (1 — ()T + o(T), uT5T)

1 1 1—puT
— gl = (1= W) = ()T +oT)] + o1 = (1= W)L = T + o)) = 5 T log(c(u)T + o(T))
1 1—ul
— ke + )T+ 0(T)] 4 5 g+ ()T + o(T) = 5 h log(elu) +ofT)).
(3)
The coefficient of O(1/T) term (which is the leading order term as T' — 0) gives
1 1 1
e(p) = gke(n) +p+ % log(p + c(p)) — o log(e(p))- (4)
We have
d 1 1 1 1 1
= = Zk4+ — - =0, 5
due(c(u)) 47 2pp+ce(p)  2pc(p) )
which gives
2
& +cp— 7= 0 (6)
Thus, we have
24+8/k—
clp) = VIEE SR ™
(b)
We have
VirsB(q1,« (B, uT), uT'; ) = Beirss + o(). (8)
Substituting ¢(u) into the e(u), we have
1 11 2%
-t logly——F
elRSB(,U') \/m+u+4ﬂ+ 2/1‘ Og( + \/m_’u) (9)



(c)

elrsp is the ground state energy of the k-spin glass model. That is,

Cinsp = fim Bl max, st a®)].
The value for eJgqp for different k gives
k 2 3 4 5 6 7 8 9 10
€jrsg | 1.0000 | 1.1717 | 1.2686 | 1.3350 | 1.3850 | 1.4248 | 1.4577 | 1.4857 | 1.5099

(10)



